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Optical fiber is a ubiquitous and indispensable component in communications, sensing,
biomedicine and many other lightwave technologies and applications. Here we propose topologi-
cal one-way fibers to remove two fundamental mechanisms that limit fiber performance: scattering
and reflection. We design three-dimensional (3D) photonic crystal fibers, inside which photons
propagate only in one direction, that are completely immune to Rayleigh and Mie scatterings and
significantly suppress the nonlinear Brillouin and Raman scatterings. A one-way fiber is also free
from Fresnel reflection, naturally eliminating the needs for fiber isolators. Our finding is enabled
by the recently discovered Weyl points in a double-gyroid (DG) photonic crystal. By annihilating
two Weyl points by supercell modulation in a magnetic DG, we obtain the photonic analogue of the
3D quantum Hall phase with a non-zero first Chern number (C1). When the modulation becomes
helixes, one-way fiber modes develop along the winding axis, with the number of modes determined
by the spatial frequency of the helix. These single-polarization single-mode and multi-mode one-way
fibers, having nearly identical group and phase velocities, are topologically-protected by the second
Chern number (C2) in the 4D parameter space of the 3D wavevectors plus the winding angle of the
helixes. This work suggests a unique way to utilize higher-dimensional topological physics without
resorting to artificial dimensions.
Topological photonics [1, 2] started with the realization
of one-way edge waveguides [3–14] as the analog of chiral
edge states in quantum Hall effect, where the number and
direction of 1D edge modes [15] are determined by the 2D
bulk topological invariant: the first Chern number (C1).
These Berry monopoles has now been realized in 3D as
Weyl points [16], opening doors to 3D topological phases
for photons [17]. Here we show that, by annihilating a
single pair of Weyl points with helix modulations, light
can be guided unidirectionally in the core of 3D photonic
crystal fibers where the number and direction of one-way
modes equals the magnitude and sign of the second Chern
number (C2) — the topological invariant of complex vec-
tor bundles on 4D manifolds. In addition, we provide
a definitive way to obtain arbitrary mode number (from
-∞ to +∞) in the one-way fibers by varying the helix
frequencies. Furthermore, all the modal dispersions have
almost identical group and phase velocities, superior for
multimode operations. The above aspects indicate that
topological one-way fibers are fundamentally distinct and
more advantageous than the topological one-way edge
waveguides in 2D.
Topological one-way fiber represents a conceptual leap
in fiber designs [18–21] (Fig. 1), potentially advancing
many aspects of fiber technologies. Firstly, Rayleigh scat-
tering sets the ultimate lower limit for fiber loss. In the
absence of Rayleigh scattering, topological one-way fiber
only suffer from material absorption and could enable
ultra-low loss fibers. Secondly, Mie scattering, occur-
ring at irregular interfaces and miro-bendings, is mostly
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a Ordinary fiber
b Topological one-way fiber
FIG. 1. Ordinary fiber versus topological one-way fiber. a)
The optical mode in an ordinary fiber is confined in the core,
where both forward and backward modes exist. The imper-
fection induces scattering losses into back and radiation chan-
nels. (b) The optical mode in a topological one-way fiber is
confined by the 3D topological bandgap which spatially sep-
arates the forward and backward modes. The one-way mode
in the core is immune to scattering losses of any kinds.
suppressed in topological fibers – another way of low-
ering fiber loss. Thirdly, stimulated Brillouin scatter-
ing (SBS) back-couples the forward signal and usually re-
stricts the fiber transmitting power to a few mW s. This
SBS threshold sets the upper bound on the maximum
injection power in fiber communication systems, limiting
the signal-to-noise ratio and the transmission distance
without amplification. SBS threshold can now be lifted
in one-way fibers. Furthermroe, half of the Raman scat-
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2tering (backward portion) is also inhibited. Fourthly,
Fresnel reflections at splices and connectors disappear in
one-way fibers, so that fiber connectors no longer need to
be specially designed to minimize back reflections. More
importantly, one-way fibers completely remove the neces-
sity of fiber isolators – a bulky but essential component
in any fiber systems. Lastly, optical force inside a topo-
logical one-way fiber is conservative [22], i.e., there is no
propelling force for objects inside the hollow-core due to
the absence of back-scattered photons. This could be
used for optical trapping in fibers.
Our starting point is a photonic crystal contain-
ing two Weyl points [23], which were found in the
double gyroids (DG) made of magnetic materi-
als (either gyroelectric or gyromagnetic). The DG
is a minimal surface that can be approximated by
the iso-surface of a single triply-periodic functions:
f(x, y, z) = sin(2pix/a) sin(2piy/a) cos(4piz/a) +
sin(2piy/a) sin(2piz/a) cos(4pix/a) +
sin(2piz/a) sin(2pix/a) cos(4piy/a). This definition
yields almost identical geometry and band structure to
those of the DG defined in Ref. [23] by two trigonometric
functions (one for each gyroid). Shown in Fig. 2a are
two cubic cells of the DG, where f(x, y, z) > f0 = 0.4
is filled with gyroelectric material of dielectric constant
 =
 17 −6i 0+6i 17 0
0 0 16
 and unity magnetic permeability.
The rest of the volume is air. In this structure, there
exists only two Weyl points (a single “Weyl dipole”)
separated by about half of the Brillouin zone along z
direction, as plotted in Fig. 2b. This means that a
real-space modulation of the crystal, in z with a period
of 2a, can couple the two Weyl points and open up
a complete 3D bandgap. The fact that a bandgap
does not close under small perturbations ensures the
robustness of this approach: certain mismatch between
the Weyl-point separation and the wavevector of the
modulation can be tolerated.
3D quantum Hall phase.—We create a double-cell pe-
riodic modulation along z to annihilate the Weyl points
and obtained the 3D quantum Hall phase [24–26], also
known as the 3D Chern insulator. (So far, experimen-
tal realization of 3D quantum Hall phase is only lim-
ited to quasi-2D systems [27].) This modulation can be
implemented in various system parameters such as vol-
ume fraction, refractive index, magnetization or struc-
tural distortion. In this work, we modulated the volume
fraction of the DG by modifying the DG equations as fol-
lows: f(x, y, z) > f0+∆f cos(piz/a), in which ∆f = 0.07.
The modulated DG is shown in Fig. 2c and its band
structure plotted in Fig. 2d.
A 3D quantum Hall phase is characterized by three
first Chern numbers C1 = (C
x
1 , C
y
1 , C
z
1 ) defined on the xˆ,
yˆ and zˆ momentum planes. For example, Cz1 is defined
as
Cz1 ≡ Cz1 (kz) =
1
2pi
∫
d2kTr[Fxy]. (1)
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FIG. 2. (a) Two cubic unit-cells of the DG photonic crystal
magnetized along z. (b) The band structure of a cubic cell
shows two Weyl points, which fold into one 3D Dirac point in
the Brillouin zone of the supercell. (c) The DG photonic crys-
tal whose volume fraction (colored) is periodically modulated
along z. (d) The band structure of the photonic analogue
of 3D Chern insulator whose topological gap frequencies are
highlighted in green.
Because the bulk spectrum is gapped, Cz1 cannot change
as a function of kz. When there are N bulk bands
below the bandgap, Fxy is an N × N matrix, whose
elements are Fαβxy = ∂xAαβy − ∂yAαβx + i [Ax,Ay]αβ ,
in which α, β = 1, 2, · · · , N . The Berry connection
Aαβi (k) = −i 〈ψα(k)| ∂∂ki
∣∣ψβ(k)〉, where |ψα(β)〉 are the
Bloch eigenfunctions. Note that the trace of the com-
mutator Tr [Ax,Ay] always vanishes for the first Chern
class.
The topological invariants of our modulated DG is
C1=(0,0,1). This can be understood from the original
Weyl photonic crystal whose first Chern number is one
for half of its Brillouin zone, as illustrated in Fig. 2b. By
folding the Brillouin zone to half of its original size, the
Chern numbers in different regions add up (Fig. 2b).
3D quantum Hall phase is a weak topological phase
whose weak topological invariants are defined in a lower
dimension as compared to a strong topological phase with
3strong topological invariant. It is theoretically known
that a lattice dislocation in a weak topological phase cre-
ates a 1D topological defect mode [28]. Unfortunately,
in our case, a dislocation induces significant lattice dis-
tortion that generates many additional non-topological
modes in the bandgap.
Fortunately, we propose and demonstrate below that,
for a 3D quantum Hall phase constructed from Weyl crys-
tals, a new approach is available: a smooth helical modu-
lation generates a one-way mode at the core of the helix.
The advantage here, compared with the dislocation ap-
proach, is the intactness of the lattice that prevents the
generation of non-topological modes in the bandgap. Be-
fore presenting rigorous calculations, we outline a physi-
cal interpretation as follows (see Supplemental Material
for details). A supercell modulation couples two Weyl
points of opposite chiralities, forming a gapped 3D Dirac
point with a mass term that is complex-valued. (A 3D
Dirac point consists of two Weyl points of opposite chiral-
ities.) Then a helical modulation amounts to a nonzero
winding number of the phase of the Dirac mass around
the helical axis, and it was indicated in previous theo-
retical models that such a topological perturbation can
generate topological defect modes in both 2D [29, 30] and
3D systems [31–33].
One-way fiber modes.—Now comes the crucial step in
our design of topological one-way fibers. Instead of the
plain modulation (fig. 2c), we create a helical modulation
by filling the volume defined by the equation:
f(x, y, z) > f0 + ∆f cos(piz/a+ wθ) (2)
. The modulation now winds as a function of the angle
θ [arctan(y/x)] in the x−y plane, whose spatial frequency
is controlled by the signed integer w. The sign and mag-
nitude of w determines the direction and number of the
one-way modes on the winding axes. This is illustrated
in the upper panels of Fig. 3 for w = +1,+2,+3, corre-
sponding to single, double and triple helix one-way fibers.
The band structures of the one-way fibers are shown in
middle panels of Fig. 3. They were calculated using MIT
Photonic Bands on an 11 × 11 × 2 cubic supercell. The
spectra exhibit one-way modes within the bulk band gap.
The profiles of the topological fiber modes are localized
around the helix cores (Fig. 3 lower panel).
Shown in the middle panel of Fig. 3, all one-way-
fiber dispersions (green lines) have very similar phase
and group velocities. In the multimode cases, their dis-
persions almost overlap on top of each other. This is
due to the fact that these defect modes originated from
the same Weyl bulk bands, so they all share the same
Brillouin-zone location and group velocities as that of
the original Weyl cones. This behavior is different from
that of the one-way edge waveguides in 2D [15], where
the edge modal dispersions have different phase or group
velocities. This can be attributed to the fact that the
edge environment is distinct from the environment of the
2D bulk lattice, while, here, there is no sharp interfaces
in the 3D one-way fibers. This unique feature, of multiple
fiber modes having almost identical dispersions, ensures
multimode signals propagate at the same speed without
intermodal distortion.
Hollow-core one-way fibers can be made by removing
the materials on the helix axis, in which the mode con-
finement in the air core is ensured by the 3D photonic
bandgap. The extra air volume in the hollow core may
generate trivial fiber modes, which can be tuned away. In
contrast, the existence of the non-trivial one-way mode
is protected by the topological invariant of the system.
Second Chern number.—It is natural to ask for a topo-
logical invariant for the one-way fibers. With the simplest
helix modulation of the form of Eq. 2, it is intuitive to
guess that w is the topological invariant, since the num-
ber and direction of the one-way modes match the mag-
nitude and sign of w. However, this observation does not
work if we consider the modulation of the general form
as f(x, y, z) > 0.4+
∑
w hw cos(piz/a+wθ), where hw are
real-valued constants.
For a lattice dislocation in a 3D Chern insulator (the
3D QHE), it is known[34] that the number of chiral
modes is given by C1 · b, where the dimensionless Burg-
ers vector(b) represents the magnitude and direction of
the lattice distortion. However, this approach can not be
applied to our system due to the lack of unique “Burgers
vector” other than in the simplest case (as of Eq. 2).
We show that the desired topological invariant of our
one-way fibers are the second Chern number (C2), the
strong topological invariant in our system. Note that,
far away from the axis of the helix, the Bloch Hamilto-
nian smoothly varies with θ, thus is a smooth function
of the four variables (kx, ky, kz, θ). Since (kx, ky, kz, θ)
span a four-dimensional parameter space with periodic
boundary conditions (a 4D torus), the second Chern
number[34, 35] can be defined:
C2 =
1
4pi2
∫
d3kdθTr [FxyFzθ + FyzFxθ + FzxFyθ] .(3)
Similar to the definitions in Eq. 1, Fαβij = ∂iAαβj −
∂jAαβi + i [Ai,Aj ]αβ , in which α, β are the band in-
dices. The non-Abelian Berry potential Aαβi (k, θ) =
−i 〈ψα(k, θ)| ∂∂ki
∣∣ψβ(k, θ)〉, where |ψα(β)〉 are the eigen-
functions and ki runs through kx, ky, kz, θ. It is notable
that this definition of C2 involves three variables (kx,y,z)
in the reciprocal space and one variable (θ) in the real
space, in contrary to the four momentum variables in
the 4D quantum Hall effect[35–38]. Consequently, the
Berry curvature Fiθ is even while Fij is odd under time-
reversal, where i or j represents one of x,y and z. Al-
though in 4D QHE, C2 can be non-zero without break-
ing time-reversal symmetry, non-zero C2 requires time-
reversal breaking in our system.
In the Supplemental Material, we carried out the ex-
plicit calculations of C2, which is consistent with our nu-
merical findings in Fig. 3. The topological protection by
the second Chern number indicates that the physical ori-
gin of the one-way fiber modes is fundamentally different
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FIG. 3. Single and multi-mode fibers in helically-modulated magnetic DGs. a) The DG structure of a plain modulation (w = 0),
shown in a 3 × 3 × 2 cubic cells, and its projected band structure. b) The single helix DG structure (w = 1), whose helix
center supports one one-way fiber mode. c) The double helix DG structure (w = 2), whose helix center supports two one-way
fiber modes. d) The triple helix DG structure (w = 3), whose helix center supports three one-way fiber modes. The fiber
dispersions and mode profiles are plotted below the plots of their structures. Each dispersion plot is labeled by the second
Chern number (C2, to be defined below) of the system, which equals w in these examples. The mode profiles of C2 = 2 and
C2 = 3 look more extended than that of C2 = 1. The reason is that we plotted the modal profiles for C2 = 2, 3 at frequencies
close to the bulk bands, where the modal confinement is weaker than that of the modes closer to the central frequencies of
the bandgap. We did not plot the modes at the gap center (as for C2 = 1), because all modes there have almost the same
wavevector and frequency, which enhances the modal coupling and results in difficulty in resolving their intrinsic field patterns.
from that of the edge modes of the photonic analog of
2D quantum Hall effect[3, 4], whose topology is captured
by the first Chern number. We note that although, in
our system, both the weak indices (C1) and the strong
index (C2) are non-zero, it is possible to construct a one-
way fiber design with zero C1 and non-zero C2. For ex-
ample, when the separation between the two Weyl points
shrinks zero (forming a 3D Dirac point), one can apply
only angular (θ) modulations to obtain a one-way fiber
of non-zero C2 but zero C1s.
Experimental feasibility.— Various existing technolo-
gies can be adopted to realize these magnetic fibers in
experiments across various frequences. At microwave
frequencies, the sample can be fabricated by the same
drilling and stacking approach as demonstrated in Ref.
[16] using gyromagnetic materials [4, 15]. Similar
methodology can be used at terahertz wavelengths. To-
wards optical frequencies, gyroelectrical materials are
the choices. For example, paramagnetic Terbium-doped
magnetic fibers have already been demonstrated with
high Verdet constants [39, 40]. Ferrimagnetic materi-
als, having a stronger magneto-optical effect than para-
magnetic ones, usually suffer higher optical losses. For-
tunately, they are continually being improved [41] and
enhanced [42]. A DG fiber can either be made by
drawing a 3D-printed preform or potentially by self-
assembly [43, 44] during the drawing process. 3D direct
writing [45] and interference lithography [46] can also be
adopted. Finally, the chiral modulation can be created
by spinning the fiber during drawing, as demonstrated in
the chiral fibers [47, 48].
Outlook.—The proposal of one-way fibers enriches the
prospects of device applications for the Weyl materi-
als, topological photonics and topological physics in gen-
eral. It also brings a new playground on the realiza-
tion of higher dimensional topological phases. The same
phenomena can be realized in other Weyl systems [49–
57] with time-reversal symmetry breaking. More impor-
tantly, such topological fibers can inspire new directions,
design principles and applications for fiber technology.
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In the main text we have presented our design of the one-way fiber and the results of band-structure calculations. To
gain a simple analytical understanding of the one-way modes, we outline below an effective Hamiltonian description,
using the low-energy Dirac Hamiltonian. The picture can be summarized as follows. In terms of the effective
Dirac Hamiltonian, the modulation corresponds to the presence of a Dirac mass. The helix modulation introduces a
topologically nontrivial configuration of the Dirac mass (nonzero winding number of the phase of Dirac mass), which
creates topologically one-way modes.
Effective 3D Dirac Hamiltonian
In the absence of modulations, the double gyroid crystal host two Weyl points with opposite chirality, either of
which is described by a 2 × 2 effective Weyl Hamiltonian. We can combine them as a 4 × 4 block-diagonal Dirac
Hamiltonan:
HD = −iv(σx∂x + σy∂y + σz∂z)τz, (1)
where σi, τi (i = x, y, z) are Pauli matrices, v is the group velocity (for simplicity, we take isotropic group velocities
with v > 0). Here τz = 1 and τz = −1 is associated with the two Weyl points, respectively. As we have seen in the main
text, a modulation with periodicity 2a in the z direction gaps out the Weyl points. In the effective Dirac Hamiltonian
description, the frequency gap is due to the Dirac mass terms. There are only two possible Dirac mass terms that can
generate a frequency gap: m1τx and m2τy, both of which anti-commute with the σiτz terms in HD. It is thus expected
that the modulation amounts to the presence of these Dirac mass terms in the low energy effective Hamiltonian. In
general, both m1 and m2 can be nonzero, and the mass term can be written as m1τx + m2τy = mτ+ + m
∗τ−, with
τ± ≡ (τx ± iτy)/2 and m ≡ m1 − im2. The full effective Hamiltonian, with the effect of modulation included as the
Dirac mass, can be written as
Heff = −iv(σx∂x + σy∂y + σz∂z)τz +mτ+ +m∗τ−, (2)
from which we can readily see that a frequency gap 2|m| is generated by the Dirac mass terms.
The phase factor of the complex-valued Dirac mass m is crucial and deserves more discussions. Suppose that the
modulation can be modelled in the effective Hamiltonian by a perturbation V (r) = VQ exp(iQ·r)+V †Q exp(−iQ·r)+· · · ,
where Q = (0, 0, pi/a) is the wave vector of the modulation that couples the two Weyl points. We can readily see that
exp(±iQ · r) → τ± is valid near the Weyl points, thus we have m = VQ, in other words, the complex-valued Dirac
mass is simply the Q-component of the perturbation.
Now we have the following important observation. If we displace the modulation by a distance d, then the per-
turbation becomes V (r+ d), which can be expand as V (r+ d) = VQ exp[iQ · (r+ d)] + V †Q exp[−iQ · (r+ d)] + · · · ,
thus we can see that the displacement causes VQ → VQ exp(iQ · d), or equivalently, m → m exp(iQ · d). For the
helix-shape modulation along the axis r = 0, as described in the main text, the displacement d is a function of θ
such that Q · d = wθ[3], therefore, we have a nonzero winding of the phase of Dirac mass around the axis, namely,
m(θ) = m0 exp(iwθ), in which m0 ≡ m(θ = 0). The overall phase of m0 can be changed by rotating the coordinate
systems around the r = 0 axis, thus we are free to take m0 to be real-valued and positive.
Analytic solutions of the one-way modes
For the effective Dirac Hamiltonian with a nonzero winding of the phase of Dirac mass (with winding number w),
which is a consequence of the helix perturbation, we shall show that there exist |w| topological one-way modes. We
can rewrite Eq.(2) in the cylindrical coordinates as
2Heff =

vkz, −ive−iθ( ∂∂r − ir ∂∂θ ), m0eiwθ, 0
−iveiθ( ∂∂r + ir ∂∂θ ), −vkz 0, m0eiwθ
m0e
−iwθ, 0, −vkz, ive−iθ( ∂∂r − ir ∂∂θ ),
0, m0e
−iwθ, iveiθ( ∂∂r +
i
r
∂
∂θ ) vkz
 . (3)
where we have taken advantage of the translational symmetry in the z direction by replacing −i∂z by kz. For
notational simplicity, we shall keep implicit the common factor exp(ikzz) in the eigenfunction. For reason that will
become clear shortly, we look for eigenfunctions of the form of ψ = [ψ1, 0, 0, ψ4]
T . The eigenvalues are E = vkz, and
the eigenfunctions satisfy
−iveiθ( ∂
∂r
+
i
r
∂
∂θ
)ψ1 +m0e
iwθψ4 = 0,
m0e
−iwθψ1 + ive−iθ(
∂
∂r
− i
r
∂
∂θ
)ψ4 = 0. (4)
It is not difficult to observe that the second equation is equivalent to the first one if we take ψ4 = ±ψ∗1 . Let us focus
on the ψ4 = ψ
∗
1 case first. With this condition, the above two equations are reduced to a single equation
−iveiθ( ∂
∂r
+
i
r
∂
∂θ
)ψ1 +m0e
iwθψ∗1 = 0 (5)
For the w = 1 case, the common exp(iθ) factors can be eliminated, thus the equation becomes especially simple, and
the solution can be found analytically as
|ψw=1〉 =

eipi/4
0
0
e−ipi/4
 e−m0v r. (6)
For an arbitrary integer w ≥ 1, by analysis analogous to Ref.[1], we can show that there exist w localized modes. In
fact, we can take the following ansatz for Eq.(5):
ψ
(l)
1 = e
ipi/4[ule
ilθ + vle
i(w−1−l)θ], (7)
with an integer parameter l, whose acceptable values are to be determined. We first notice that when l = (w − 1)/2,
eilθ and ei(w−1−l)θ are actually equal, and the vl term is redundant. Let us first focus on the cases l 6= (w − 1)/2.
The special case l = (w − 1)/2, with eilθ = ei(w−1−l)θ, will be discussed separately later.
According to Eq.(5), the coefficient functions ul, vl have to satisfy
v(
∂
∂r
− l
r
)ul +m0vl = 0
v(
∂
∂r
− w − 1− l
r
)vl +m0ul = 0. (8)
The asymptotic behaviors of ul, vl in the r → 0 limit can be found as (I) ul ∼ rl, vl ∼ rl+1 or (II) ul ∼ rw−l, vl ∼
rw−l−1. On the other hand, the asymptotic behaviors in the r →∞ limit are (a) ul → exp(−m0v r), vl → exp(−m0v r)
or (b) ul → exp(m0v r), vl → exp(m0v r), only the first of which is normalizable in the r → ∞ regime. A normalizable
solution must have behavior (a) in the r → ∞ limit, which is generally a superposition of (I) and (II) in the
r → 0 regime. Therefore, the normalizability of the solution in the r → 0 limit requires that both (I) and (II) are
normalizable, which leads to the constraint
0 ≤ l ≤ w − 1. (9)
Thus we have proved that, leaving out the special case l 6= (w − 1)/2 undetermined, there exists one normalizable
solution for every integer l = 0, 1, 2, · · · , w− 1. However, the solutions with l > (w− 1)/2 are redundant, because the
solutions for l and l′ with l+ l′ = w−1 are actually the same one, as can been appreciated from Eq.(7). Therefore, the
total number of solutions with ψ4 = ψ
∗
1 is the number of nonnegative integer smaller than (w − 1)/2, which is [w/2]
3(Here, “[· · · ]” denotes the floor function, mapping a real number to the largest previous integer), excluding possible
solution with l = (w − 1)/2.
Now we consider the other choice: ψ4 = −ψ∗1 . By calculations similar to the case ψ4 = ψ∗1 , we can obtain equations
similar to Eq.(5), except that the “+” sign before m0 is replaced by “−”. We adopt the same ansatz as given in
Eq.(7), and follows the steps below Eq.(7), solving the case l 6= (w−1)/2 first. It is found that the number of solutions
is [w/2].
Finally, we study the special case l = (w − 1)/2 (This case needs consideration only when w is odd; for w even,
this option is automatically absent). Given this value of l, the second term in Eq.(7) becomes redundant, thus we can
take
ψ
(l)
1 = e
ipi/4ule
ilθ. (10)
Under the choice ψ4 = ±ψ∗1 , we obtain the single differential equation
v(
∂
∂r
− l
r
)ul ±m0ul = 0. (11)
For the choice “+” of the “±”, Eq.(11) has a single normalizable solution with asymptotic behaviors ul → rl in the
r → 0 limit and ul → exp(−m0v r) in the r →∞ limit. For the choice “−” of the “±”, Eq.(11) leads to ul → exp(m0v r)
in the r → ∞ limit, which is apparently not normalizable. Therefore, there exists a single normalizable localized
mode, in the ψ4 = ψ
∗
1 sector, for the special case l = (w − 1)/2. We also note that, if we take m0 < 0 instead of
m0 > 0, the normalizable solution would be present in the ψ4 = −ψ∗1 sector but absent in the ψ4 = ψ∗1 sector, thus
the total number of solution is the same.
Let us summarize the above calculations as follows. When w is odd, the total number of normalizable solutions is
2[w/2]+1 = w; when w is even, the total number of normalizable solutions is 2[w/2] = w. Therefore, the total number
of topological modes is always w, irrespective of the parity (odd/even) of w. Furthermore, our calculation shows that
the eigenvalues take the simple form
E(kz) = vkz, (12)
thus all these w modes propagate along the +z direction, with the same velocity v.
Finally, let us discuss the one-way modes for the integer w < 0. Solution of the form of ψ = [ψ1, 0, 0, ψ4]
T does not
exist in this case, because the condition given in Eq.(9) can never be satisfied. On the other hand, solutions of the
form of ψ = [0, ψ2, ψ3, 0]
T can be found. In fact, we can follow the steps above and obtain the equations
−ive−iθ( ∂
∂r
− i
r
∂
∂θ
)ψ2 +m0e
iwθψ3 = 0,
m0e
−iwθψ2 + iveiθ(
∂
∂r
+
i
r
∂
∂θ
)ψ3 = 0, (13)
whose complex conjugations are
−iveiθ( ∂
∂r
+
i
r
∂
∂θ
)ψ2 +m0e
i|w|θ(−ψ3) = 0,
m0e
−i|w|θψ2 + ive−iθ(
∂
∂r
− i
r
∂
∂θ
)(−ψ3) = 0. (14)
We can see that Eqs.(14) are the same as Eqs.(4) except that ψ2 and −ψ3 take the place of ψ1 and ψ4, respectively.
Now our previous analysis for Eqs.(4) with w ≥ 1 immediately tells us that the number of one-way modes for w < 0
is |w|. Because the solutions for w < 0 take the form of ψ = [0, ψ2, ψ3, 0]T , the dispersion is E(kz) = −vkz, thus all
the one-way modes propagate in the −z direction.
Calculation of the second Chern number C2
The effective Hamiltonian Eq.(2) takes the form of
Heff =
5∑
a=1
daΓ
a, (15)
4where the Dirac matrices Γa = σaτz (a = 1, 2, 3), Γ
4 = τx, Γ
5 = τy, the coefficient functions da = vka (a = 1, 2, 3),
d4 = Re(m), d5 = −Im(m). A straightforward calculation[4] of C2 leads to
C2 =
3
8pi2
∫
dθd3k abcdedˆa
∂dˆb
∂kx
∂dˆc
∂ky
∂dˆd
∂kz
∂dˆe
∂θ
=
1
2pi
∫ 2pi
0
dθ
d[arg(m(θ))]
dθ
, (16)
where dˆa = da/
√∑5
b=1 d
2
b . With the Dirac mass m = m0 exp(iwθ), we have
C2 = w. (17)
For a general modulation that combines several different spatial frequency, namely, m(θ) =
∑
wmw exp(iwθ),
Eq.(16) is not amenable to further simplification in the generic cases, however, we have C = w0 in the cases that
|mw0 | >
∑
w 6=w0 |mw|, in other words, C2 is determined by the dominant modulation.
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